The best Diophantine approximation functions by continued fractions by Tong, Jingcheng
Mathematica Bohemica
Jing Cheng Tong
The best Diophantine approximation functions by continued fractions
Mathematica Bohemica, Vol. 121 (1996), No. 1, 89–94
Persistent URL: http://dml.cz/dmlcz/125943
Terms of use:
© Institute of Mathematics AS CR, 1996
Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.
This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz
121 (1996) MATHEMATICA BOHEMICA No. 1, 89-94 
THE BEST DIOPHANTINE APPROXIMATION FUNCTIONS 
BY CONTINUED FRACTIONS 
JlNGCHENG TONG, Jacksonville 
(Received September 14, 1994) 
Summary. Let ' = [_o; _i ,<_,-••> <>i, •• •] be an irrational number in simple continued 
fraction expansion, Pi/qt = [_o; a l , a 2, • • •, <_], Mi = g; |£ - Pi/qt\. In this note we find a 
function G(R, r) such that 
M n + i < R and M n_i < r imply M„ > G(R,r), 
Mn+1 > R and M„_! > r imply M„ < G(R,r). 
• * * . -
Together with a result the author obtained, this shows that to find two best approximation 
functions H(R,r) and L(R,r) is a well-posed problem. This problem has n_t't>een solved 
yet. 
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1. INTRODUCTION 
In 1891, Hurwitz [4] proved the following basic fact in the theory of Diophantine 
approximation: 
Theorem 1. Let £ be an irrational number. Then there are infinitely many 
reduced fractions p/q such that |£ - p/q\ < \/{\/%q2). 
In order to find these fractions p/q, Borel [2] found the theorem below. 
Theorem 2. Let £ be an irrational number with simple continued fraction ex-
pansion £ = [„o ;_ i ,_2 , - • - ,_ . , . . . ] • ffpi/qi = [ ao ;a i , a 2 , . . . ,at], then at least one of 
the three consecutive pi/qi (i = n-— l,n,n + l) satis6es\£ — pt/qi\ < l/(\/5q2). 
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For nearly a century, Borel's theorem has been extensively investigated. There 
are numerous results about it [1, 3, 6, 7, 10, 11]. The following result of the present 
author [10] is one of the highlights since it contains asymmetric approximations [5, 9] 
as a special case. 
T h e o r e m 3 . Let £ be an irrational number with simple continued fraction expan-
sion £ = [ao; Oi, 0 2 , . . . ,Oj , . . . ] . If Mi = a21£—£>;/<?; | and r is a real number exceeding 
an+1, then 
Mn<r implies m a x ( M n - i , M n + i ) > 4 r / ( r
2 - a „ + 1 ) , 
Mn> r implies m i n ( M n _ i , M n + i ) < 4 r / ( r
2 - an+1). 
Recently the author generalized Theorem 3 to the inhomogeneous case [12]. 
T h e o r e m 4. Let R, r be two real numbers exceeding l + l/an+1, let Mi be defined 
as in Theorem 3. Then 
Mn+1 <Rand M„_i < r imply Mn > F(R,r), 
Mn+1 > R and M n _ i > r imply Mn < F(R,r), 
where F(R,r) = ( i T 1 + r'1 + ^ / a 2 + 1 + 4/(_Jr)) /(l - (R'
1 - r^)2/a2n+1). 
Theorem 3 is a special case of Theorem 4 for R = r. 
In this paper we give another estimation function G(R,r) to replace F(R,r) in 
Theorem 4. Using G(R,r), the proof is simpler, it also gives Theorem 3 for R = r, 
the approximation is better than F(R, r) for many values of R, r. These advantages 
are not essentially important, the significance of introducing G(R, r) is the following 
consideration. 
Suppose 7i is the set of all functions H(R, r) such that 
M n + i < R and M n _ a < r imply M n > H(R,r), 
and C is the set of all functions L(R, r) such that 
M n + i > R and M n _ i > r imply Mn < L(R,r). 
Then H(R,r) = sup% and L(R,r) = inf C are the best approximation functions. 
Theorem 4 guarantees that both H and £ are not empty sets. Nevertheless, it could 
be true that H(R,r) = F(R,r) and L(R,r) = F(R,r). The function G(R,r) which 
we are going to introduce satisfies G(R,r) 5- F(R,r). This ensures that to find the 
best approximation functions H(R, r) and L(R, r) is a well-posed problem. These 
two functions have not been found yet. It is still a challenging Problem. 
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2. PRELIMINARIES 
Let £ = [ao; a i , 02, • . . , a , , . . . ] be an irrational number in simple continued fraction 
expansion, Pi/qi = [ o 0 ; a i , a 2 , . . . ,0j] and Mi = q\\i — Pi/qi\. Then it is known [8] 
that 
(1) Mi = [ a i + i ; a i + 2 , . . . ] + [ 0 ; o i , o i _ i , . . . , a i ] . 
Let P = [ o n + 2 ; a n + 3 , . . . ] , Q = [ a - ; a - _ i , . . . , a i ] . Then it is easily checked that 
the following relations are true. 
(2) M n + 1 = P + ( a n + i + Q
- 1 ) - 1 , 
(3) M n = o n + i + p -
1 + Q - 1 , 
(4) M n _ i = 0 + ( a n + i + P
- 1 ) - 1 . 
Now we turn to some inequalities. 
If M n +i < R, then P < R - (o„+i + Q
- 1 ) - 1 . 
If M„_i < r, then Q < r - (a„+i + P - 1 ) - 1 . 
If both Mn+i < R and M„_i < r are true, then by (3) we know that the following 
two inequalities are correct. 
(5) Mn > o„+i + P
- 1 + (r - (o„+i + P - 1 ) - 1 ) - 1 , 
(6) Mn > o„+i + Q-
1 + (r - (o„ + 1 + Q-
1)-1)'1. 
We will use these inequalities in the next section. 
3. T H E MAIN THEOREM 
We need a useful lemma. 
L e m m a 1. The function f(P) = a + P - 1 + (r - (a + P - 1 ) - 1 ) " 1 is decreasing in 
P for P - 1 > 2 r - 1 - a, where a >- 1, r > 1 are constants. 
P r o o f . Since f'(P) = - P - 2 (l - (ra + r P - 1 - l ) - 2 ) , if P - 1 > 2 r - 1 - a, we 
have ro + rP'1 - 1 > 1, hence f'(P) < 0. D 
T h e o r e m 5. Let M{ be defined as in Theorem 3. Then 
M„+1 < R and Mn-i < r imply M„ > G(R,r), 
Mn+i > R and Mn-\ > r imply Mn < G(R,r), 
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where 
G(R,r) = an+1 + 4a n + 1 / ((3r - R)an+1 - 4 + \ / ( (P + r)an+1)
2 + ie\ 
+ (j((R + r)an+1f + 16 + (R + r)an+1 + 4 J /(2(P + r)). 
Proof . If Mn+i < R and M„_x < r, then Mn+i + Mn_i <R + r. From (2), 
(4) we have one of the following inequalities: 
(7) P + ( a n + i + p -
1 ) - 1 < i ( P + r), 
(8) Q + (an+1+Q-
1)-1<\(R + r). 
Suppose (7) holds. Then 
a n + iP
2 + (2 - \(R + r)an+1)P - \(R + r) = 0. 
Hence 
(R + r)an+1 - 4 + ^'((R + r)an+1f + 16 
(9) P < — •• 
4 a n + i 
It is obvious that 1 > 2/(an+i + P'
1 + 1), hence 
a n + i + p -
1 > 2 / ( l + ( a n + 1 + p -
1 ) - 1 ) . 
Since 1 + (an+i + P"
1 )" 1 < Q + (an+1 + P"
1 )" 1 = Mn_i < r, we have P "
1 > 
2r_1 — an + i . By (5), (9) and Lemma 1 we have 
Mn >G(R,r). 
Suppose (8) holds. Noticing (6), we can have Mn > G(R,r) by the similar discus-
sion. 
Reversing all the directions of the inequalities above, we can prove that 
Mn+i > R and M„_i > r imply Mn < G(R,r). 
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4. COMPARISON OF THE APPROXIMATION FUNCTIONS F(R,r) AND G(R,r) 
It is easily checked that 
F(r,r) = G(r,r) = (2 + V ( r a n + 1 )
2 + 4) / r . 
The function F(R,r) is a symmetric function while G(R,r) is not. 
If On+i = 1, then 
F(4,2) = 2.1063946, 
G(4,2) = 2.2018503. 
In this case G(R,r) gives a better estimation than F(R,r) in the set H, while 
F(i? , r) gives a better estimation than G(R, r) in the set C. 
If a n + i = 3, then 
F(2,6) =3.7682386, 
G(2,6) = 3.4463062. 
In this case the situation reverses. 
The function H(R,r) = max (F(R,r),G(R,r)) is a better approximation than 
both F(R,r) and G(R,r) in the set H. 
The function L(R,r) = min (F(R,r),G(R,r)) is a better approximation than 
both F(R, r) and G(R, r) in the set C. 
The best approximation functions satisfy H(R, r) ^ L(R, r) and H(R, r) ^ 
L(R,r). Now it is an open problem how to find them. 
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